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Abstract
Ore presented a degree condition involving every pair of nonadjacent vertices for a graph to be hamiltonian. Fan [New sufﬁcient
conditions for cycles in graphs, J. Combin. Theory Ser. B 37 (1984) 221–227] showed that not all the pairs of nonadjacent vertices
are required, but only the pairs of vertices at the distance two sufﬁce. Bedrossian et al. [A generalization of Fan’s condition for
hamiltonicity, pancyclicity, and hamiltonian connectedness, Discrete Math. 115 (1993) 39–50] improved Fan’s result involving the
pairs of vertices contained in an induced claw or an induced modiﬁed claw. On the other hand, Matthews and Sumner [Longest
paths and cycles in K1,3-free graphs, J. Graph Theory 9 (1985) 269–277] gave a minimum degree condition for a claw-free graph
to be hamiltonian. In this paper, we give a new degree condition in an induced claw or an induced modiﬁed claw ensuring the
hamiltonicity of graphs which extends both results of Bederossian et al. and Matthews and Sumner.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
We denote the degree of a vertex v in a graph G by dG(v).We often simply write d(v) instead of dG(v). The following
is a classical result due to Dirac in hamiltonian graph theory.
Theorem A (Dirac [6]). Let G be a graph of order n3. If dG(x)n/2 for every vertex x ∈ V (G), then G is
hamiltonian.
In 1960, Ore showed the following theorem requiring a degree sum condition for the hamiltonicity of graphs.
Theorem B (Ore [11]). Let G be a graph of order n3. If dG(x) + dG(y)n for every pair x, y of nonadjacent
vertices, then G is hamiltonian.
In 1984, Fan presented a new degree condition, not a degree sum condition.
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Theorem C (Fan [7]). Let G be a 2-connected graph on n vertices. If max(dG(x), dG(y))n/2 for each pair x, y of
vertices at distance 2, then G is hamiltonian.
On the other hand, in 1974, Goodman and Hedetniemi proved the following theorem on the hamiltonicity of graphs
by forbidding claws and modiﬁed claws. The induced subgraphs isomorophic to K1,3 and K1,3 + e, e an edge, are
called a claw and a modiﬁed claw, respectively. A graph G is H-free if G contains no induced subgraph isomorphic
to H.
Theorem D (Goodman and Hedetniemi [8]). If a 2-connected graph G is claw-free and modiﬁed claw-free, then G is
hamiltonian.
In 1993, Bedrossian, Chen and Schelp obtained a common generalization of Theorems C and D.
Theorem E (Bedrossian et al. [1]). Let G be a 2-connected graph on n vertices. If max(dG(x), dG(y))n/2 for
each pair of nonadjacent vertices x and y contained in a common claw or a common modiﬁed claw of G, then G is
hamiltonian.
In this paper, we present an extension of Theorem E using a new degree condition on claws and modiﬁed claws.
A vertex in an induced subgraph H of a graph G is called end vertex of H if it has degree 1 in H. In [4], it is deﬁned
that a graph G is 2-heavy if at least two end vertices of every claw have degree at least |V (G)|/2 in G. Motivated
by this concept, we deﬁne a graph G to be claw-heavy if every claw has a pair of end vertices u and v satisfying
dG(u) + dG(v) |V (G)|. Our main result is the following.
Theorem 1. Let G be a 2-connected claw-heavy graph on n3 vertices. If each induced modiﬁed claw M has an
end vertex x of M satisfying dG(x)(n − 2)/3 or a pair of vertices y and z satisfying dG(y) + dG(z)n, then G is
hamiltonian.
Note that Theorem 1 weakens the conditions of Theorem E. Obviously, any graph satisfying the conditions of
Theorem E also satisﬁes the ones of Theorem 1. Moreover, the conditions of Theorem E imply that every claw must
have two vertices of degree at least n/2, while the claw-heavy condition assures only one vertex of degree at least
n/2 in a claw. Also, the conditions of Theorem E imply that every modiﬁed claw contains a vertex of degree at least
n/2, while the conditions of Theorem 1 do not imply. An example is shown in Fig. 1. Let n15 be an integer and
let H1 and H2 be complete graphs of order 2n/3 − 3 and n/3 − 1, respectively. Construct G from H1 + H2 by
adding four vertices u, v,w and x, joining v,w, x and each vertex of V (H2) ∪ {u} and adding two edges vw and uy,
+
H1 H2
Fig. 1.
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where y ∈ V (H1). Then it follows that n = |V (G)|, dG(x) = n/35, and dG(z)n − 5 for every z ∈ V (H1).
Since every triple of V (G) which is pairwise nonadjacent must contain both x and a vertex in H1, G is claw-heavy. On
the other hand, it follows that dG(u) = 4, dG(v) = dG(w) = n/3 + 1, dG(y) = n − 4 and dG(z) = n − 2 for every
z ∈ V (H2). Now every induced modiﬁed claw whose end vertex is not u satisﬁes the condition of Theorem 1, since
dG(z)(n − 2)/3 for every z ∈ V (G)\{u}. And every induced modiﬁed claw whose end vertex is u contains a vertex
z ∈ {y}∪V (H2). Since dG(u)+dG(z)4+ (n−4)n, it also satisﬁes the condition of Theorem 1. Hence G satisﬁes
the conditions of Theorem 1 and is hamiltonian but fails to satisfy the conditions of Theorem E.
Moreover, Theorem 1 implies the following corollary.
Corollary 2. Let G be a 2-connected claw-heavy graph on n vertices. If dG(x)(n−2)/3 for every vertex x ∈ V (G),
then G is hamiltonian.
Since every claw-free graph is claw-heavy, Corollary 2 is a generalization of the following theorem.
Theorem F (Matthews and Sumner [10]). Let G be a 2-connected claw-free graph on n vertices. If dG(x)(n− 2)/3
for every vertex x ∈ V (G), then G is hamiltonian.
We shall consider the relation between the closures of claw-heavy graphs and claw-free graphs. By observing the
proof of Theorem B, we see that it is based on the following proposition.
Proposition G. Let u and v be two nonadjacent vertices in a graph G of order n. If dG(u) + dG(v)n, then G is
hamiltonian if and only if G + uv is hamiltonian.
Proposition G motivates the following deﬁnition. The closure of a graph G of order n, denoted by cln(G), is the
graph obtained from G by recursively joining pairs of nonadjacent vertices whose degree sum is at least n, until no
such pair remains. It is known that cln(G) is well-deﬁned, i.e. cln(G) is uniquely determined by G.
Theorem H (Bondy and Chvátal [2]). A graph G is hamiltonian if and only if cln(G) is hamiltonian.
Some readers might expect if G is claw-heavy then cln(G) is claw-free. However, it is not true. LetHi be the complete
graph of order r (r1) for i = 1, 2, 3 and H  K3 with V (H) = {x12, x23, x31}. Consider the graph G obtained from
H1 ∪H2 ∪H3 ∪H by joining xij and every vertex in Hi ∪Hj for every i, j ∈ {1, 2, 3} with i 	= j . Then G is claw-free,
that is, claw-heavy. However, in cln(G), there exists a claw G[x12, v1, v2, v3], where vi is a vertex in V (Hi).
For standard graph-theoretic terminology not explained in this paper, we refer the reader to [5]. For a vertex v in
a graph G, we denote the neighborhood of v in G by NG(v), and for A ⊂ V (G), we write NG(A) =⋃v∈ANG(v).
Furthermore, for a subgraph H of G, if there is no fear of confusion, we sometimes write NH(v) and NH(A) in-
stead of NG(v) ∩ V (H) and NG(A) ∩ V (H), respectively. We often identify a subgraph H of a graph G with its
vertex set V (H). For example, we often write NG(H) instead of NG(V (H)). The subgraph induced by A is denoted
by G[A].
We denote a cycle C with a given orientation by −→C . For x, y ∈ V (C), we denote by x−→C y a path from x to y on −→C .
The reverse sequence of x−→C y is denoted by y←−C x. For x ∈ V (C), we denote the hth successor and the hth predecessor
of u on −→C by x+h and x−h, respectively. We abbreviate x+1 and x−1 by x+ and x−, respectively. For a cycle −→C and
X ⊂ V (C), we deﬁne X+ := {x+: x ∈ X} and X− := {x−: x ∈ X}.
A pair of two distinct vertices (x, y) is called heavy if dG(x) + dG(y) |V (G)|. Moreover, it is called a heavy pair
from (X, Y ) if x ∈ X and y ∈ Y , and a heavy pair in X if x, y ∈ X. For simplicity, ({x}, Y ) is denoted by (x, Y ).
2. Lemmas
In this section, we observe the properties of nonhamiltonian graphs and present some lemmas. In each lemma below,
we assume that C is a longest cycle in a nonhamiltonian graph G on n vertices and H a component of G − V (C). Let
NC(H) = {x1, x2, . . . , xk}. We assume that x1, x2, . . . , xk appear in this order along −→C . Let x′i be a vertex of NH(xi)
and set Xi = {xi, x′i , x−i , x+i } for i = 1, 2, . . . , k.
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Lemma 1. Suppose that there exists a pathP =v1v2 . . . vl such that |V (P )|> |V (C)|.Then v1vl /∈E(G) and dG(v1)+
dG(vl)n − 1.
Proof. Since |V (P )|> |V (C)| and C is longest, there is no cycle containing all the vertices in V (P ). Therefore we
have v1vl /∈E(G) and NG−P (v1)∩NG−P (vl)=∅. If dG(v1)+dG(vl)n, then dP (v1)+dP (vl) |V (P )|.Hence there
exists some i with 2 i l−2 such that vi ∈ N(vl) and vi+1 ∈ N(v1). This implies the existence of a cycle containing
all the vertices in V (P ), a contradiction. 
Since the following lemma is standard in hamiltonian graph theory, we do not prove it in this paper.
Lemma 2. Let u ∈ V (H). For every i with 1 ik, the following statements hold:
(i) NC(H)+ ∪ {u} and NC(H)− ∪ {u} are independent sets.
(ii) G[Xi] is a claw or a modiﬁed claw. Moreover, G[Xi] is a modiﬁed claw if and only if x−i x+i ∈ E(G).
By Lemma 2(i), we have x−i+1 /∈N(x−i ). Since xi ∈ N(x−i ) and x−i+1 /∈N(x−i ), there exists a unique vertex yi ∈
V (x+i
−→
C x−i+1)\N(x−i ) such that V (xi−→C y−i ) ⊂ NC(x−i ). Similarly, there exists a unique vertex y˜i ∈ V (x−i ←−C x+i−1)\
N(x+i ) such that V (xi
←−
C y˜+i ) ⊂ NC(x+i ). Set Vi := V (x+i −→C yi), V˜i := V (x−i ←−C y˜i), Yi = {xi, x′i , x−i , yi} and Y˜i =
{xi, x′i , x+i , y˜i}. By Lemma 1, the following two lemmas are plain.
Lemma 3. For any vi ∈ Vi ∪ V˜i and u ∈ V (H), uvi /∈E(G) and dG(vi) + dG(u)n − 1.
Lemma 4. For any vi ∈ Vi (vi ∈ V˜i) and vj ∈ Vj (vj ∈ V˜j ) with i 	= j , vivj /∈E(G) and dG(vi) + dG(vj )n − 1.
Lemma 5. Suppose that G[Xj ] is a modiﬁed claw. For any vi ∈ Vi ∪ V˜i with i 	= j , the following statements hold:
(i) vixj /∈E(G) and dG(vi) + dG(xj )n − 1.
(ii) If G[Xi] is a modiﬁed claw, then dG(yi) + dG(xj )n − 2.
Proof. By Lemma 1, the statement (i) is plain. We shall show that (ii) holds. Let x′iPHx′j be a path in H. Then
P = yi−→C x−j x+j −→C x−i y−i ←−C xix′iPHx′j xj is a path such that |V (P )|> |V (C)|. Since G[Xi] is a modiﬁed claw, x−2i ∈
V˜i . By (i) and the fact that G[Xj ] is a modiﬁed claw, we obtain x−2i /∈N(xj ). And by the deﬁnition of yi , we have
x−i /∈N(yi). Note that x−2i is a predecessor of x−i if P has the orientation from yi to xj . Now, if dG(yi)+dG(xj )n−1,
then we can ﬁnd a cycle containing all the vertices in V (P ) using the same argument as in the proof of Lemma 1, a
contradiction. 
Lemma 6. Suppose that G[Yi] is not a claw. Then the following statements hold:
(i) xi /∈N(yi).
(ii) G[Xi] is a modiﬁed claw.
(iii) There exists a unique vertex zi ∈ V (xi−→C y−2i )\N(yi) such that V (z+i −→C y−i ) ⊂ NC(yi), and G[{yi, zi, z+i , x−i }] is
a modiﬁed claw.
Proof. ByLemma 3, we have yi, x−i /∈N(x′i ). By the deﬁnition of yi , we have yi /∈N(x−i ). Hencewe obtain xi /∈N(yi),
otherwise G[Yi] is a claw. This implies yi 	= x+i and x+i ∈ N(x−i ). Therefore G[Xi] is a modiﬁed claw. Since
xi /∈N(yi) and y−i ∈ N(yi), there exists a unique vertex zi ∈ V (xi−→C y−2i )\N(yi) such that V (z+i −→C y−i ) ⊂ N(yi).
Then, G[{yi, zi, z+i , x−i }] is a modiﬁed claw. 
Lemma 7. Suppose that G[Yi] is not a claw for every i, 2 ik. Let u ∈ V (H) and v1 ∈ V1. For any i with 2 ik,
the following statements hold:
(i) dG(u) + dG(v1) + dG(yi)n − 1.
(ii) If G[Y1] is not a claw, then dG(u) + dG(y1) + dG(yi)n − 3.
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Proof. Let x′1Px′i be a path in H. Set C1 = x+1 −→C v1, C2 = v+1 −→C xi , C3 = x+i −→C yi and C4 = y+i −→C x1. We show the
following statements.
(a) NC1(u) = NC1(yi) = ∅ and NC1(v1) ⊂ V (C1)\{v1}.
(b) NC2(v1)−, NC2(yi) and NC2(u)+ are pairwise disjoint and NC2(v1)− ∪NC2(yi)∪NC2(u)+ ⊂ V (C2)∪ {v1, x+i }\
{xi, x−i }.
(c) NC3(u) = NC3(v1) = ∅ and NC3(yi) ⊂ V (C3)\{yi}.
(d) NC4(v1), NC4(yi)− and NC4(u)+ are pairwise disjoint and NC4(v1) ∪ NC4(yi)− ∪ NC4(u)+ ⊂ V (C4) ∪ {yi, x+1 }.
Moreover, if v1 = y1 and G[Y1] is not a claw, then NC4(v1)∪NC4(yi)− ∪NC4(u)+ ⊂ V (C4)∪ {yi, x+1 }\{x1, x−1 }.
(e) NG−C(u),NG−C(v1) andNG−C(yi) are pairwise disjoint andNG−C(u)∪NG−C(v1)∪NG−C(yi) ⊂ V (G−C)\{u}.
Proof of (a). Since V (x1−→C v−1 ) ⊂ N(x−1 ), by Lemma 3, we haveNC1(u)=∅. Furthermore, by Lemma 4,NC1(yi)=∅.
Clearly, NC1(v1) ⊂ V (C1)\{v1}. 
Proof of (b). First suppose that w ∈ NC2(v1)− ∩ NC2(yi). Then
x1
−→
C v−1 x
−
1
←−
C yiw
←−
C v1w
+−→C x−i y−i ←−C xix′iP x′1x1
is a cycle longer than C, a contradiction. Hence NC2(v1)− ∩NC2(yi)=∅. Next suppose that w ∈ NC2(v1)− ∩NC2(u)+.
Since w ∈ NC2(u)+, there exists j with 2j < i such that w = x+j . Note that x+2j ∈ NC2(v1). Since G[Yj ] is not a
claw, x+j ∈ N(x−j ). This implies x+2j ∈ Vj , which contradicts Lemma 4. Thus NC2(v1)− ∩ NC2(u)+ = ∅. Similarly,
we obtain NC2(yi) ∩ NC2(u)+ = ∅, which implies NC2(v1)−, NC2(yi) and NC2(u)+ are pairwise disjoint.
Clearly, we haveNC2(v1)−∪NC2(yi)∪NC2(u)+ ⊂ V (C2)∪{v1, x+i }.We show that xi, x−i /∈NC2(v1)−∪NC2(yi)∪
NC2(u)
+
. By Lemma 6(ii), G[Xi] is a modiﬁed claw. Hence, by Lemma 5(i), xi /∈NC2(v1), that is, x−i /∈NC2(v1)−.
It follows from x+i /∈V (C2) that xi /∈NC2(v1)−. By the deﬁnition of yi , we have x−i /∈NC2(yi). Since G[Yi] is not a
claw, by Lemma 6(i), xi /∈NC2(yi). By Lemma 3 and the fact that G[Xi] is a modiﬁed claw, x−i , x−2i /∈NC2(u), that is,
xi, x
−
i /∈NC2(u)+.Thus NC2(v1)− ∪ NC2(yi) ∪ NC2(u)+ ⊂ V (C2) ∪ {v1, x+i }\{xi, x−i }. 
Using the similar arguments as in the proofs of (a) and (b), we can prove (c) and (d), respectively.
Proof of (e). Assume that u′ ∈ (NG−C(v1) ∪ NG−C(yi)) ∩ NG−C(u). Since u′ ∈ V (H), this contradicts Lemma
3. Therefore (NG−C(v1) ∪ NG−C(yi)) ∩ NG−C(u) = ∅. Suppose that w ∈ NG−C(v1) ∩ NG−C(yi). By Lemma 3,
w /∈V (H). Let x′1PHx′i be a path in H. Then x1−→C v−1 x−1 ←−C yiwv1−→C x−i y−i ←−C xix′iPHx′1x1 is a cycle longer than C, a
contradiction. Hence NG−C(v1)∩NG−C(yi)=∅. Thus NG−C(u), NG−C(v1) and NG−C(yi) are pairwise disjoint. On
the other hand, by Lemma 3, NG−C(v1) ∪ NG−C(yi) ∪ NG−C(u) ⊂ V (G − C)\{u}. 
By the statements (a)–(e), we have
dG(u) + dG(v1) + dG(yi) |V (C1)\{v1}| + |V (C2) ∪ {v1, x+i }\{xi, x−i }| + |V (C3)\{yi}|
+ |V (C4) ∪ {yi, x+1 }| + |V (G − C)\{u}|
= |V (G)| − 1
= n − 1.
Furthermore, if G[Y1] is not a claw, we have
dG(u) + dG(v1) + dG(yi) |V (C1)\{v1}| + |V (C2) ∪ {v1, x+i }\{xi, x−i }| + |V (C3)\{yi}|
+ |V (C4) ∪ {yi, x+1 }\{x1, x−1 }| + |V (G − C)\{u}|
= |V (G)| − 3
= n − 3.
This completes the proof of Lemma 7. 
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Remark. A vertex is called a tailend vertex if it is contained in a modiﬁed claw as an end vertex. Now assume that
G[Yi] is not a claw for every i with 1 ik. If u = x′1, by Lemma 2(ii) and Lemma 6(ii), then u, y1 and yi are tailend
vertices. On the other hand, by Lemmas 3 and 4, {u, y1, yi} is an independent set. Hence Lemma 7(ii) implies the
following Theorem.
Theorem 3. Let G be a 2-connected claw-free graph on n vertices. If dG(x)+ dG(y)+ dG(z)n− 2 for every triple
x, y, z of pairwise nonadjacent tailend vertices, then G is hamiltonian.
Theorem 3 is a generalization of the following result by Broersma and by Liu et al. independently.
Theorem I (Broersma [3], Liu et al. [9]). Let G be a 2-connected claw-free graph on n vertices. If dG(x) + dG(y) +
dG(z)n − 2 for every triple x, y, z of pairwise nonadjacent vertices, then G is hamiltonian.
Moreover, independently, more general result was proved by Zhang.
Theorem J (Zhang [12]). Let G be a k-connected claw-free graph on n vertices. If the degree sum of any mutually
independent k + 1 vertices is at least n − k, then G is hamiltonian.
3. Proof of Theorem 1
Suppose that G is a nonhamiltonian graph on n vertices which satisﬁes the condition in Theorem 1, and C a longest
cycle in G. We can deﬁne H, xi , x′i and Xi (1 ik) as in Section 2. Also, by Lemma 2(i), we can deﬁne yi , y˜i , Vi ,
V˜i , Yi and Y˜i (1 ik) as in Section 2. Since G is 2-connected, we have k2.
Claim 1. If G[Yi] is a claw, then (x−i , yi) is heavy.
Proof. If G[Yi] is a claw, then Lemma 3 implies that neither (x−i , x′i ) nor (x′i , yi) is heavy, so (x−i , yi) is heavy. 
For each i with 1 ik, we deﬁne the following statements:
(ai) There exists a heavy pair from (Vi, V˜i).
(bi) There exists a heavy pair from (xi, Vi ∪ V˜i).
(ci) There exists a heavy pair in Vi .
(c˜i) There exists a heavy pair in V˜i .
(di) d(yi)(n − 2)/3.
(d˜i) d(y˜i)(n − 2)/3.
(ei) d(x
′
i )(n − 2)/3.
(fi) (xi, x
′
i ) is heavy.
Claim 2. For every i with 1 ik, at least one of (ai), (bi), (ci) and (di) holds.
Proof. If G[Yi] is a claw, then Claim 1 implies that (x−i , yi) is heavy, which shows (ai). Suppose that G[Yi] is not
a claw. Then, as in Lemma 6(iii), we can ﬁnd a vertex zi ∈ V (xi−→C y−2i )\N(yi) such that G[{yi, zi, z+i , x−i }] is a
modiﬁed claw. Hence we have d(yi)(n − 2)/3 or there is a heavy pair in {yi, zi, z+i , x−i }, which shows at least one
of (ai), (bi), (ci) and (di) holds. 
By symmetry, the following holds.
Claim 3. For every i with 1 ik, at least one of (ai), (bi), (c˜i) and (d˜i) holds.
Claim 4. For every i with 1 ik, at least one of (ai), (bi), (ei) and (fi) holds.
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Proof. If G[Yi] is a claw, then Claim 1 implies that (ai) holds. Suppose that G[Yi] is not a claw, then Lemma 6(ii)
implies that G[Xi] is a modiﬁed claw. Hence we have d(x′i )(n − 2)/3 or there is a heavy pair in Xi . By Lemma 3,
(x′i , x
+
i ) and (x
′
i , x
−
i ) are not heavy. Thus, at least one of (ai), (bi), (ei) or (fi) holds. 
Claim 5. If (ai) or (bi) holds for some i with 1 ik, then neither (aj ) nor (bj ) holds for all j 	= i with 1jk.
Proof. First suppose that (ai) and (aj ) hold for some i, j , 1 i 	= jk. Now there exist vi, v˜i , vj and v˜j such that
(vi, v˜i ) and (vj , v˜j ) are heavy, where vi ∈ Vi , v˜i ∈ V˜i , vj ∈ Vj and v˜j ∈ V˜j . Then (vi, vj ) or (v˜i , v˜j ) is heavy, which
contradicts Lemma 4. Next suppose that (ai) does not hold and both of (bi) and (aj ) hold for some i, j , 1 i 	= jk.
Note that G[Xi] is a modiﬁed claw. Now there exist vi, vj and v˜j such that (xi, vi) and (vj , v˜j ) are heavy, where
vi ∈ Vi ∪ V˜i , vj ∈ Vj and v˜j ∈ V˜j . By symmetry, we may assume that vi ∈ Vi . Then (vi, vj ) or (xi, v˜j ) is heavy,
which contradicts Lemmas 4 or 5(i). By the similar argument as above, it is easy to prove the other cases using Lemmas
4 or 5(i). 
Claim 6. For some l with 1 lk, neither (al) nor (bl) holds, and (dl) or (d˜l) holds.
Proof. By Claim 5 and the fact that k2, there exists l with 1 lk such that neither (al) nor (bl) holds. Suppose
that neither (dl) nor (d˜l) holds. Then Claims 2 and 3 imply that both of (cl) and (c˜l) hold, that is, there exist vl, wl ∈ Vl
and v˜l , w˜l ∈ V˜l such that (vl , wl) and (v˜l , w˜l) are heavy. This implies (vl , v˜l) or (wl , w˜l) is heavy, which contradicts
that (al) does not hold. 
Without loss of generality, we may assume that neither (al) nor (bl) holds, and (dl) holds. Since (al) does not hold,
by Claim 1, G[Yl] is not a claw. Moreover, by Lemma 6(ii), G[Xl] is a modiﬁed claw.
Claim 7. (el) holds.
Proof. If (el) does not hold, Claim 4 implies that (fl) holds. Since d(x′l ) < (n − 2)/3 and (xl, x′l ) is heavy, we obtain
d(xl)(2n + 2)/3. Hence (dl) implies that (xl, yl) is heavy, which contradicts that (bl) does not hold. 
Let m be an integer such that m 	= l and 1mk.
Claim 8. (d˜l) holds.
Proof. Suppose not, then Claim 3 implies that (c˜l) holds, that is, there exists v˜l ∈ V˜l such that d(v˜l)n/2. So Lemma
4 shows that d(v)<n/2 for all v ∈ V˜m. On the other hand, by Lemma 7(i) and the fact that both of (dl) and (el) hold,
we have d(v)(n + 1)/3<n/2 for all v ∈ Vm. Thus there is no heavy pair from (Vm, V˜m). By Claim 1, G[Ym] is not
a claw and, by Lemma 6(ii), G[Xm] is a modiﬁed claw. Therefore Lemma 5(i) and the fact that d(v˜l)n/2 shows that
d(xm)<n/2. Thus we obtain d(v)<n/2 for all v ∈ Vm ∪ V˜m ∪{xm}, that is, none of (am), (bm) and (cm) holds. Hence
Claim 2 implies that (dm) holds. Since (dl) and (el) hold, this contradicts Lemma 7(ii). 
Now we are ready to prove Theorem 1. Since (dl), (d˜l) and (el) hold, Lemma 7(i) implies that d(v)(n + 1)/3 for
all v ∈ Vm ∪ V˜m. Hence, by Claim 1, G[Ym] is not a claw, and so Lemma 7(ii) shows d(ym)< (n − 2)/3. Thus, none
of (am), (cm) and (dm) hold. Hence Claim 2 implies that (bm) holds. Since d(v)(n + 1)/3 for all v ∈ Vm ∪ V˜m,
we have d(xm)n − (n + 1)/3(2n − 1)/3. Note that Lemma 6(ii) shows that G[Xm] is a modiﬁed claw. Since
d(yl)(n − 2)/3, we obtain d(xm) + d(yl)n − 1, which contradicts Lemma 5(ii). 
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